We study 't Hooft's equation for bound states in 2d multicolor QCD. We consider the case of quarks with equal masses. We derive asymptotic expansions for the spectrum of mesons in different regimes and study their properties.
Introduction
The 't Hooft model is a name given to the QCD in two dimensions with infinite number of colors [1] . Among many features of the theory we will be interested in the following one: it is shown in [1] that mesons and their spectrum can be exactly described in terms of solutions of a certain integral equation. Although it can be be solved numerically [2, 3, 4, 5] , this equation, due its elegance and simplicity, deserves an analytical study. One is interested in analytic properties of the spectrum as functions of parameters of theory, that is, the coupling constant and masses of quarks, taken as complex variables. With this goal in mind, the authors of [9] proposed a novel method for studying analytic properties of solutions of the equation, more specifically the spectrum of the problem. Although they consider the case when quark masses have special values, the method they developed is general and many conclusions about properties of the spectrum are applicable or can be extended to a general case without any obvious difficulties.
't Hooft's theory for mesons is not a unique example of theories with similar properties. For example, in [6, 8] a Bethe-Salpeter equation for the mesons of the Ising field theory (IFT) was proposed. From the particle content point of view, theories are not very different, each being a twodimensional theory of quarks with a confining interaction. At the same time, whereas the bound state equation in the IFT is written in a certain, rather limiting approximation, the equations that appear in 't Hooft's theory are exact. This fact, together with results of studies of 't Hooft's theory, might give us some intuition as to what to expect in the full IFT.
This work can be seen as a preliminary step in studying the case of quarks with generic masses. Here we restrict ourselves to the case when quarks have equal yet arbitrary masses. The goal of the paper is to explore asymptotic properties of the spectrum. For this, we develop low-energy and semiclassical expansions for the spectrum, study their properties and compare results with numerical analysis. This paper is organized as follows. First, we formulate the problem. Next section is devoted to studying the weak-coupling limit, which, depending on certain conditions, leads either to the low-energy or semiclassical expansions. Finally, we compare analytical results with the numerical solution. In the appendix we provide another way to derive the low-energy expansion.
2 Set-up 't Hooft's model, or two-dimensional QCD with gauge group SU(N), is defined by the following Lagrangian 
and the covariant derivative D µ = ∂ µ + iA µ are defined in terms of the gauge potential A µ given by N × N hermitian traceless matrices. In the large N limit, 't Hooft derived the Bethe-Salpeter equation for mesons, two-quark bound states of the theory [1] . This equation, though originally obtained in the light-cone gauge, is actually gauge-invariant since it describes gauge-invariant objects. When quarks have equal masses m (a) 0 = m 0 , which is the case we will consider, 't Hooft's equation has the form
with ϕ(x) being the wave function of the meson with the mass M and m 2 = m 2 0 − g 2 /π standing for the renormalized quark mass. It is this equation, Eq. (2.2), that is the main object of our analysis. Written in terms of dimensionless quantities, α = M 2 /4m 2 and λ = g 2 /2m 2 , the equation (2.2) becomes
3)
The bound-state equation can be viewed as an eigenvalue problemĤϕ = αϕ for a suitably defined hamiltonianĤ acting in a certain Hilbert space. Solutions of the problem can be classified according to the symmetry x → 1 − x of the equation.
The overall goal of this work is to provide some insight into analytical properties of the spectrum, that is, properties of α as a function of λ taken complex. As we have pointed out in the introduction, at the current stage we will be mainly interested in asymptotic properties of the spectrum leaving other, more interesting questions for later.
Weak-coupling expansion
In the weak-coupling limit λ → 0, each meson's mass M n will approach 2m from above, i.e., α approaches 1 +0 . Depending on how λ goes to 0, one gets different expansions. For example, if n is kept fixed, this limit will give us the low-energy expansion. Such expansion is known to be in t = λ 1/3 . At the same time if one looks at high levels, with n ≥ 1/λ, one obtains the semiclassical expansion giving corrections to the already known BohrSommerfeld equation for the spectrum.
In our analysis for consistency we will use notations adopted in [8] .
It is convenient to go to the rapidity space, θ = 1 2
Define the hamiltonianĤ aŝ
then Eq.(3.1) becomes equivalent tô
with ϕ(θ) belonging to the Hilbert space with the metric
For ϕ(x) we use the following ansatz
in the odd sector, and
in the even sector, where
Both ansatz functions can be shown to be normalizable with respect to the metric (3.4).
In the further analysis we will be working with the following quantities
and
Computation along the lines of the one shown in Appendix B of [8] gives the following expressions for these functions
(3.11) We develop the small-λ series for (3.10) and (3.11). At first few orders, terms in these expansions will have no dependence on θ, directly giving the spectra α n as zeroes of ∆ odd/even (θ) ≡ ∆ odd/even (θ|α). But in general, these terms will explicitly depend on θ. In such situations one has to proceed as follows. Let {ϕ n } be the complete orthonormal set of eigenvectors ofĤ: Hϕ n = α n ϕ n . Then the following quantity, set to zero,
will play the role of the spectral condition with α n being its zeroes. For small values of λ, ϕ
odd/even provides a good approximation for ϕ n . As λ grows, corrections can be found by iterating the following expression
Finding ϕ n order by order and plugging it in (3.12), one obtains corrections to the spectral condition.
Low-energy expansion
Assume that α is close to 1 and write it as α = 1 + zt 2 + k=3 e k t k . In this case one sees that the main contribution to the integrals (3.10) and (3.11) comes when β ∼ t. Rescaling β = −ut, θ = −vt, and observing that
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where S 0 (u) =
− zu, hence giving the Airy function, and
, one can expand ∆(θ) in t. Subsequent setting terms in each order of t equal to zero gives conditions sufficient for determining α.
After a straightforward computation one obtains low-energy expansions for α in both sectors. In the odd sector the first terms will have the form
where z is such that Ai(−z) = 0. Whereas for even solutions one obtains
with z being the solution of Ai ′ (−z) = 0. As above, one should mention that except for the first few terms of the expansion of ∆ in t, expressions at powers of t will depend on v, that is on θ. In these cases one has to follow the procedure outlined above. We just note that such dependence appears for the first time at t 8 -order in the odd sector and t 6 -order in the even. Another observation is that as opposed to the IFT, e k with odd k seem to be absent in low orders both in the odd and even cases (at least up to k = 15).
Looking at the coefficients in (3.15) and (3.16), one can see the general structure of e k , polynomial in z or in z and 1/z, respectively. At higher levels z n behave as z n ∼ n 2/3 both for odd and even solutions. Hence, the leading terms in e k , terms with the largest power of z, which come from the term at λ 0 in the brackets in (3.10) and (3.11), depend on the combination (n 1/3 t) 2m . Moreover, one can notice that numerical coefficients are the same for both odd and even sectors. This is expected because the sum of these leading terms is given by the Bohr-Sommerfeld formula, the leading contribution in the semiclassical expansion. Therefore, one would expect that summing subleading terms should reproduce contributions of the semiclassical expansion of higher orders.
Semiclassics
When λ goes to zero and α is not necessarily close to 1, one obtains the semiclassical approximation. Technically it is reduced to calculating the integrals (3.10) and (3.11) using the saddle-point method.
In both sectors the integral for ∆(θ) has the form
There are two saddle points β = ±ϑ with ϑ being the positive solution of
With ∆ ± (θ) being contributions from ±ϑ, the integral can be rewritten as
In each case, odd or even, one has to compute only ∆ + (θ), whereas ∆ − (θ) = ±∆ * + (θ), here +/− is in the odd and even sectors, respectively. The leading order calculation yields the following expressions in the odd sector 20) and in the even
At this level, there is no dependence on θ, and the spectral condition in the leading order will have the Bohr-Sommerfeld form,S(ϑ n ) = πλ(n − n 0 ), here n = 1, 2, . . ., n 0 is equal either to 1/4 for the odd sector or 3/4 for the even.
In contrast to the IFT, θ-dependence becomes relevant already at the one-loop level. Computations at this order give the following expression for the odd case
where
24)
In the even sector the expression is In this situation one again has to use the method based on (3.12). At this order, when ϕ n is approximated by ϕ (0) odd/even , the integral in (3.12) at small λ will have the main contribution coming from the saddle points θ = ±ϑ giving the following quantization conditions in the odd sector
and in the even sector
Once ϑ n is found, the eigenvalues α n are determined using (3.18). Calculation in higher orders is technically similar, albeit more involved. In principle, using (3.29) and (3.30) one can re-derive low-energy expansions (3.15) and (3.16), respectively.
Numerical results
Over the years there have been proposed different approaches for numerical solution of the problem, each giving solution to 't Hooft's equation with any degree of accuracy. In [8] another method, based on discretizing the Fourier-transformed version of 't Hooft's equation, was suggested. Applying the Fourier transform to Eq.(3.1)
). The main feature of this version of 't Hooft's equation is the smoothness of its kernel allowing to discretize the equation directly. Even though this method can be not as efficient as others, its ease makes up for it. One should mention that this is not the first time this parametrization has been used. It has already appeared, for example, in [7] and recently in [9] .
In Tables 1 and 2 we list values for α, i.e., for M 2 in units of 4m 2 , for first few levels, both even and odd, at different values of λ. Numerical results are obtained by discretizing Eq.(4.2) with the number of steps N = 3000 and step size ε = 0.1. This choice of discretization parameters provides more than sufficient accuracy in this range of λ, at least for the first levels. They are compared to the results obtained by means of derived expansions (3.15) and (3.16), truncated at λ 10/3 in the odd sector and at λ 8/3 in the even sector. One can see that within the given accuracy numerical results match the expected values with deviations determined by the order of the terms dropped from the low-energy expansion.
It is worthwhile to see how the expansions (3.15) and (3.16) approach the numerical values. For the lowest odd and even levels, which we choose because zeroes of Ai(−z) and Ai ′ (−z) are smallest for them thus making specific features of the expansions, especially in the even case, more prominent, this can be observed in Tables 3 and 4 , respectively. Here α (k) odd/even denotes estimates obtained using (3.15) and (3.16) by keeping terms up to t k included. Tables 5 and 6 contain values of α n obtained through semiclassical expansions, (3.29) and (3.30). As expected, with n increasing, semiclassical results approach values obtained through discretization.
Conclusion
In this work we apply methods proposed in [6, 8] to the study of 't Hooft's model. In particular, we study asymptotic properties of the spectrum of mesons and obtain the low-energy and semiclassical expansions for meson masses. We compare these results to the numerical solution of the problem.
This study has to be considered as a part of an extended project. Methods used in this work, together with the approach proposed in [9] , will likely provide a way to tackle the general case of the problem with arbitrary quark masses. The project itself has many possible ramifications. Some of them are related to questions about analytical properties of the spectra which are preserved if one considers the case of number of colors large but finite. In such 
A Coordinate-space representation
Dependence of the terms in the low-energy expansion on roots of Ai ′ (−z) in (3.16) looks drastically different from the behavior in the odd sector. Therefore, it is worthwhile to provide another way to reproduce it. Table 3: Step-by-step approximation of the meson mass for the the lowest odd level obtained by successively including higher terms in (3.15) ; the last value is the numerical result. In [6] a coordinate-space formulation for the bound-state equation was used to obtain the low-energy series for the spectrum of the IFT. Similarly we map 't Hooft's equation into the coordinate space. For simplicity we choose Eq.(2.3) as a starting point for our analysis. In u = 2x − 1, this equation becomes
Rescaling u = tk, v = tp, setting λ = t 3 , expanding everything in t, and rearranging the terms, one gets
Here we changed the limits of integration from (−1/t, 1/t) to (−∞, ∞), an operation legitimate at O(t 4 ). Now this equation in the configuration space becomes Table 6 : α n for first even levels from semiclassics. and we let 1 − α = −εt 2 . This equation (A.3) has a symmetry x → −x, hence its spectrum can divided into even and odd parts.
To find a perturbative solution for it, one first solves the auxiliary equation The following two claims provide both the solutions for (A.3) and the spectra for even and odd sectors. In each case we assume that F (x) is the perturbative solution (A.5) for (A.4). Claim 1. ψ odd (x) = sgn x F (|x| − ε) provides the odd perturbative solution of (A.3) if F (x) is such that
(A.6) Claim 2. ψ even (x) = F (|x| − ε) is the even perturbative solution of (A.3) if F (x) satisfies
